HYPERCONTRACTIVITY FOR LOG-SUBHARMONIC FUNCTIONS 
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\Ttf\\L.i^)<\\f\\Lvi^) for t>-log^ (SHC) 



Abstract. We prove strong hypercontractivity (SHC) inequalities for logarithmically subharmordc 
functions on R" and different classes of measures: Gaussian measures on R", symmetric Bernoulli 
and symmetric uniform probability measures on R, as well as their convolutions. Surprisingly, a 
slightly weaker strong hypercontractivity property holds for any symmetric measure on R. For all 
measures on R for which we know the (SHC) holds, we prove that a log-Sobolev inequality holds 
in the log-subharmonic category with a constant smaller than the one for Gaussian measure in the 
classical context. This result is extended to all dimensions for compactly-supported measures. 

I 1. Introduction 

In this paper, we prove some important inequalities - strong hypercontractivity (SHC) and 
a logarithmic Sobolev inequality - for logarithmically subharmonic functions (cf . Definition 12.11 
below.) Our paper is inspired by work of Janson \ V7], in which he began the study of an important 
property of semigroups called strong hypercontractivity. A rich series of subsequent papers by 
Janson fTSlI , Carlen 131, Zhao [24 J , and recently by Gross (HOlllIl and a survey 1121 ) was devoted 
to this subject on the spaces C" and, in papers by Gross, on complex manifolds. In contrast to all 
the aforementionned papers, our results concern the real spaces M". 

In the first part of the paper (Sections |3}S1) we prove strong hypercontractivity in the log- 
subharmonic setting: for < p < q < oo, 

2 p 

for the dilation semigroup Ttf{x) = /(e~*x), for any logarithmically subharmonic function /, 
for different classes of measures /u: including Gaussian measures and some compactly supported 
measures on M (symmetric Bernoulli and uniform probability measure on [—a, a] for a > 0). We 
also show that, in numerous important cases, the convolution of two measures satisfying (SHC) 
also satisfies (SHC). 

Let us note that in the theory of hypercontractivity for general measures, the semigroup consid- 
ered is the one associated to the measure by the usual technology of Dirichlet forms. The generator 
of the semigroup (on a complete Riemannian manifold) takes the form —A + X where A is the 
Laplace-Beltrami operator and X is a vector field; hence, the semigroup restricted to harmonic 
functions on the manifold is simply the (backward) flow of X. For Gaussian measure, X = x ■ V , 
yielding the above flow T^; this vector field is often called the Euler operator, denoted E. In a sense, 
the point of this paper is to show that the strong hypercontractivity theorems about this flow 
extend beyond harmonic functions to the larger class of logarithmically subharmonic functions. 

In the second part of the paper (Section |5]) we show that a log-Sobolev inequality (LSI) in the 
log-subharmonic domain holds for Gaussian measure on M and for all 1-dimensional measures 
which satisfy the strong hypercontractivity (SHC) considered in the first part. We also prove 
the general implication (SHC) =^ (LSI) for compactly supported measures on M", still for log- 
subharmonic functions. In both cases, the (LSI) we get is stronger than the classical one in the 
following sense. Let 

tN{p, q) = i^log- \, tj{p,q) = l■\og- 
2 p — 1 2 p 
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denote the Nelson and Janson times (cf. |[2Tl[T7ll ), for 1 < p < g < oo (in fact, tj makes sense for all 
positive p < q). The classical hypercontractivity for t > ct^v is equivalent, by Gross's theorem in 
Il9ll , to a logarithmic-Sobolev inequality with the constant 2c: 

j \f\Hog\f\''d^i-\\f\\l^\og\\f\\l^<2cj fLfd^^ 

where L is the positive generator of the semigroup. We show that, in the category of logarithmi- 
cally subharmonic functions, the strong hypercontractivity for t > ctj implies (LSI) with constant 
c: 

I l/l'logl/l^d/.- ||/|||^,log||/||2^, < c I fEfdfi (LSI) 

where E is the Euler operator discussed above. Hence, one cannot obtain this stronger LSI by 
simply restricting the classical Gaussian LSI to log-subharmonic functions. 

Let us note that the implication (SHC) =^ (LSI) in the log-subharmonic case does not follow 
as easily as in the classical setting. Indeed, if / is log-subharmonic, the functions /|[_7v,Ar] and 
/l|j|<jv ^re not log-subharmonic on M, and the classical techniques of approximation by more 
regular (e.g. compactly supported or bounded) functions fail. Instead, the present approach is to 
approximate probability measures (e.g. Gaussian measures) by measures with compact support. 
This requires proving some stronger versions of the DeMoivre-Laplace Central Limit Theorem. 
These results, contained in Section [531 are interesting independently. 

Our principal reference for the basic preliminaries is the book fT| which gives a very accessible 
survey on hypercontractivity and on logarithmic-Sobolev inequalities. 

Acknowledgment. We thank A. Hulanicki for calling the attention of the first and third authors 
to hypercontractivity problems in the holomorphic category. Thanks also go to L. Gross for many 
helpful conversations. 

2. LOG-SUBHARMONIC FUNCTIONS 

Definition 2.1. An Lj*^^ upper semi-continuous function / : M" [—oo, +oo), not identically equal 
to — oo, is called subharmonic if for every x, y G M", one has the inequality: 

fix) < / f{x + ay) da (2.1) 

J0{n) 

where 0{n) is the orthogonal group of and da is the normalized Haar measure on it. (The 
notation / is a reminder that the measure in question is normalized.) A non-negative function g : 
M" [0, +oo) is called log-subharmonic (abbreviated LSH) if the function log (7 is subharmonic. 

Remark 2.1. Definition 12.11 is evidently equivalent to insisting that f{x) < fg^(^^) f{t)a{dt) for 
every x G M", where dB{x,r) is the sphere of radius r about the point x, and a is normalized 
Lebesgue measure on this sphere. Frequently, subharmonicity is stated in terms of averages over 
solid balls B{x, r) instead; the two approaches are equivalent for L\^^ upper-semicontinuous func- 
tions. Subharmonic function (and ergo log-subharmonic functions) need not have very good local 
properties. There are subharmonic functions that are discontinuous everywhere (see, for example, 
II23H ). In some of what follows, it will be convenient to work with continuous LSH functions; where 
this restriction is in place, we have stated it explicitly. 

Example 2.1. The following examples of LSH functions are well-known and easily verified. 

(1) A convex function is subharmonic. On M, / is subharmonic if and only if / is convex. 

(2) Let / be a holomorphic function on C". Then |/| is a log-subharmonic function (see |IT6ll or 
use Jensen's inequality). Indeed, log | / | is actually harmonic on the complement of {/ = 0}. 

(3) Denote by ( , ) the scalar product on M", and fix a G M". Then x 1— > exp(a, x) is a log- 
subharmonic function. 
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The main content of the next proposition is item|2l which takes some work to prove and will be 
important in what follows. 



Proposition 2.2. Let f, g he LSH, and let p > 0. 

(1) The -product fg is LSH, as is g^. 

(2) The sum f + g is LSH. 

(3) / is siibharmonic. 

Proof. Property[T]is evident. In order to prove|3](note that non-negativity is built into the definition 
of LSH functions), we use the fact that if a function (/? : R ^ M is increasing and convex and h is 
a subharmonic function then ip{h) is also subharmonic. We apply this fact with ip{x) = and 
h = log / when / is LSH. To prove |2l we need the following lemma. 

Lemma 2.3. Let ip : ^ M.be a convex function of two variables, increasing in each variable. If F and 
G are subharmonic functions then ip{F, G) is also subharmonic. 

Proof. As the function 99 is convex, the region R = {{x,y,z) G ; ip{x,y) > z} is convex; ac- 
cordingly R may be specified by a collection of tangent planes. That is, there is a set of affine 
functionals Ak{x, y) = a^x + bky + Ck (for some constants ak,bk, Ck G M) ranging over some (typ- 
ically uncountable) index set k e K, such that {x,y,z) G if and only if z > supi.^^ Ak{x,y). 
Hence, the function is determined by 

ip{x, y) = sup Ak{x, y) = sup(afcX + hkV + Ck). 

k£K k€K 

The function ip is increasing in each variable, so a^, 6^ > 0. Now, for G M" and r > 0, denote 

Px,rf='f f{t)a{dt), 
JdB{x,r) 

following the alternative condition for subharmonicity in Remark 12.11 To prove the lemma, it 
therefore suffices to show that Px^r^{F, G) > ip{F, G){x) for each x. We have 

Pa,,MP^ G) = Px,r sup Ak{F, G) > sup Px,r{akF + KG + Ck) 
k&K keK 

> sup (afcF(x) + bkG{x) +Ck) = ^{F, G) (x) . 

k&K 

This proves the Lemma. □ 

It is easy to verify that the function (^(x, y) = log(e^ + e^) satisfies the hypotheses of the lemma: to 
check its convexity, we write log(e^ + e^) = x + log(l + e^~^), yielding the result since the function 
t 1-^ ln(l + e*) is convex. Hence, if / and g are LSH, then f = and g = for subharmonic 
functions F, G, and so the lemma yields that ^{F, G) = log(/ + g) is subharmonic. This ends the 
proof of the proposition. □ 

The following two corollaries of Proposition l2.2l are useful in much of the following. 

Corollary 2.4. Let ft be a separable metric space, and let fi a Borel probability measure on fl. Suppose 
/ : M" X 17 ^ M satisfies 

(1) The function x f{uj,x) is LSH and continuous for ^-almost every u; G fi. 

(2) The function uj ^ /{uj, x) is bounded and continuous for each x G M". 

(3) For small r > 0, there is a constant Gr > so that, for all uj G Q and all x G M*^, \f{uj, t)\ < Gr 
for t G -B(x, r). 

Then the function f{x) = f{uj, x) fi{duj) is LSH. 

Proof. By Varadarajan's theorem (see Theorem 11.4.1 in [4|), there is a sequence of points tijj G 
such that the probability measures 

1 " 

n ^-^ ■' 



converge weakly to fi: fj-n H- Note that 



f 1 

fn{x) = / f{uJ,x)fln{duj) = -'^f{ujj,x), 



and by Proposition 12.21 part fn is LSH for each n. Moreover, since f{-,x) G Cb{^), weak 
convergence guarantees that fn{x) f{x) for each x. Fix e > 0; then since /„ and / are non- 
negative, /„ + e and / + e are strictly positive and thus log{fn{x) + e) ^ log(/(x) + e) for each x. 
Again using Proposition l2.2[ + e is LSH and so log(/„ + e) is subharmonic. Let r > be small, 
and consider 

-f log(/(t) +e)dt=i lim log(/„(t) + e) dt. 

JdB{x,r) JdB{x,r) 

By assumption, \f{LO,t)\ < Cr for each lo e 0, and t G dB{x,r); hence, \ fn{t)\ < Cr a well. This 
means there is a uniform bound on log(/„ + e) on dB{x, r). We may therefore apply the dominated 
convergence theorem to find that 

/ log(/(t) + e) = lim / \og{fn{t) + e)dt 

JdB{x,r) JdB(x,r) 

> lim log(/„(x) + e) = log(/(x) + e), 

n^oo 

where the inequality follows from the fact that log(/„ + e) is subharmonic. Hence, / + e is LSH 
for each e > 0. Finally, since f{u>, x) is continuous in x for almost every lo, the boundedness of 
f in Lu shows that / is continuous. Thus the set where / > — cxd is open. Therefore log(/(x) + e) 
is uniformly-bounded in e on small enough balls around x, and a simple argument like the one 
above shows that the limit as e | can be performed to show that / is LSH as required. □ 

Remark 2.5. It is possible to dispense with the requirement that f{uj,x) is continuous in x by using 
Fatou's lemma instead of the dominated convergence theorem; however, the continuity of /(w, x) 
in u is still required for this argument. In all the applications we have planned for Corollary I2.4[ 
f{oo,x) is such that continuity in one variable implies continuity in the other, and so we need not 
work harder to eliminate this hypothesis. 

Remark 2.6. In Corollary I2.4[ if LSH is replaced with the weaker condition lower-hounded subhar- 
monic (in the premise and conclusion of the statement), then the result follows from Definition 
12. II with a simple application of Fubini's theorem; moreover, the only assumption needed is that 

f{-,x) G L^{^}, /i) for each x. 

Corollary 2.7. Suppose / : M" ^ M /s lower-hounded and subharmonic. Then the function 

J0{n) 

is subharmonic. Moreover, if f is also LSH and continuous, then so is f. In either case, f depends only 
on the radial direction: there is a function g: [0,oo) [—00,00) with f{x) = g{\x\), and g is non- 
decreasing on [0, 00). 

Proof. Suppose / is LSH and continuous. The reader may readily verify that the function (a, x) ^ 
f{ax) satisfies all the conditions of Corollary 12.41 (The weaker statement for lower-bounded sub- 
harmonic /, not necessarily continuous, follows similarly via Remark 12.61 ) Clearly averaging / 
over rotations makes / radially symmetric. Any radially symmetric subharmonic function is ra- 
dially non-decreasing, by the maximum principle. □ 



3. Hypercontractivity inequalities for the Gaussian measure 



Let m be a probability measure on M". For p > I, we denote the norm on U\m) by || ||p,m- We 
will denote by L^^^{'m) the cone of log-subharmonic functions in IJ'{m). Let 7 be the standard 
Gaussian measure on M", i.e. -f{dx) = Cn exp(— |xp/2) dx, where dx is Lebesgue measure and 

Cn = (27r)-"/2. 

Given a function / on M", and r G [0, 1], we denote by the function x 1— > f{rx). The family 
of operators = /r,r G [0, 1] is a multiplicative semigroup, whose additive form Ttf{x) = 
/(e~*x) is considered in connection with holomorphic function spaces in ||3l[l0l[l7l|24l and others 
(including the second author's paper l|T9l in the non-commutative holomorphic category). When / 
is differentiable, the infinitesimal generator E of {Tt)t>o equals —Ef where E is the Euler operator 

Ef{x) = x-Vf. 

If N is the Ornstein-Uhlenbeck operator N = —A + E acting in L^(C", 7) and / is a holomorphic 
function then Nf = Ef, so {Tt)t>o and, equivalently, (5'r)re[o,i] act on holomorphic functions as 
the Ornstein-Uhlenbeck semigroup e^*^ (cf. Ill p.22-23). 

Before showing the strong hypercontractivity of the semigroup Sr for the Gaussian measure and 
LSH functions, let us show that the operators Sr are L^'-contractions on non-negative subharmonic 
functions, for any rotationally invariant probability measure. 

Proposition 3.1. Let m be a probability measure on M" which is 0{n)-invariant. Then for / > subhar- 
monic , r e [0, 1], and p> l,ive have 

WfrWp.m ^ \\f\\p,m- 

Moreover, this contraction property holds additionally in the regime < p < 1 of f is LSH. 

Proof First consider the case p > I, and assume only that / > is subharmonic. Note that, since 
/ > and since m is 0(n) -invariant, 

ll/r-||p,m = / f{rxYdm{x) = / / f{rxY dm{ax) da. 

JR" Jo{n) 7e" 

Changing variables using the linear transformation a in the inside integral and using Fubini's 
theorem, we have (replacing with a in the end) 



f{raxY dadm{x) = I Sr h{x) dm{x) , 

0(n) Jr" 

where h{x) = Jpi^n) f{oixY da; i.e., with k = fP, h = k in the notation of Corollary 12.71 Since 
p > 1, A; is subharmonic, and so by Corollary 12.71 h is also subharmonic and radially increasing. 
In particular, there is some non-decreasing g: [0, 00) R such that h{x) = g{\x\). So Sr h{x) = 
g{r\x\) < g{\x\) = h{x) for r G [0,1]. Integrating over we have ||/r||p,m, < / /i(x) which 
equals ||/||p,m by reversing the above argument. This proves the result. 

If < p < 1, the above argument follows through as well since, if / G LSH then k = f^ is LSH 
by Proposition 12.21 In particular, k is non-negative and subharmonic, and so by Corollary 12.71 so 
is k. The rest of the proof follows verbatim. 

□ 

We now show the strong hypercontractivity inequality for Gaussian measure and LSH func- 
tions. That is: ||T(/||g^^ < ||/||p,y whenever / is LSH and t > tj{p,q). This is a generalization 
(from holomorphic functions to the much larger class of logarithmically-subharmonic functions) 
of Janson's original strong hypercontractivity theorem in IflTll . Because our test functions / are 
non-negative and the action of Tt commutes with taking powers of /, this can be reduced to the 
following simplified form. 

Theorem 3.2. Let f be a log-subharmonic function. Then for every r G [0, 1], one has 

< ll/lll,^. (3.1) 
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Remark 3.3. The inequality (13. ID means that the operators Sr act as contractions between the spaces 

Sr ■■ Llsnil) ^lsh(7), 
or, equivalently, the operator Tt is a contraction between the cones 

In fact, by Proposition |22l one gets other hypercontractivity properties. Applying the theorem to 
the function fP, it follows that the operators Sr are contractions 

S 

and the operators Tt are contractions 



Tt ■■ L^lsh(7) - ^LsS(7) 

for any p > 0. Since Tt is an L'^ contraction for any q (Proposition l3.1|l , by the semigroup property 
the above implies that Tt is a contraction from to L'^ for any q > e^*p- Iri other words, Tt is a 
contraction from to L"? provided that t > ^ log{q/p), the Janson time tj{p, q). This is the strong 
hypercontractivity theorem proved in IflT) for holomorphic functions on C" = M^"; here we prove 
it for LSH functions on M". 

Proof. The case where / = log \ g\ with g holomorphic on C" is implicitly proved in lllTll but is 
not given in this form. Using the ideas of Janson, we will prove the general theorem. Nelson's 
classical hypercontractivity result plays a crucial role here as in Janson's paper. Let Pt = e~*^ be 
the Ornstein-Uhlenbeck semigroup. Let us write it in the form 



Ptf{x) = I Mr{x,y)f{y)j{dy) 



(3.2) 



where r = e and Mr is the Mehler kernel 



, ,n 2r , , 1 + 



Mr{x,y) = (1 - r^)-"/^ exp [--^.Ix]' + Y^{x,y) - ^3^2 l^l'j ' (3-3) 

We can rewrite Equation 13.21 in terms of Lebesgue measure as Ptf{x) = / Kr{x, y)f{y) dy where 
the modified kernel Kr is given by 

Krix,y) = (1 - r2)-"/2 exp (-^^'^ 

Evidently Kr{x, y) is constant in y on spheres around rx. This implies that if / > is subharmonic, 
then for all t > we have Ptf{x) > /(e^*x) (indeed, this is at the core of Janson's proof in IflT) ). 
The classical hypercontractivity inequality of Nelson (cf. ||2T| ) is given by: 

\\Ptf\Ut),, < ll/llp,7 

where q{t) = {p — l)e^* + 1 and p > 1. Hence, for / > subharmonic, we have Nelson's theorem 
for the dilation semigroup: 

\\f{e-'x%(^t)a<\\f\W (3-4) 
Now take / to be LSH. The function /^/^ is also LSH, so it is positive and subharmonic. Equation 
I3.4l applied to /^/^ becomes 

i^j /e-(x)''«/^d7(x)J < [^j f{x)dj{x)) 

This implies that 

ll/e-*llg(t)/p,7 < \\J 111,7- 

Observe that linip^^oo ^ = e^* = ^ wherer = e~*. Applying Fatou's lemma, we obtain ||/r||r-2,7 ^ 
the desired result. □ 



In the full hypercontractivity theory due to Nelson |[2T|, tN{p,q) = \ log is the smallest time 
to contraction, for all L^-f unctions. The analogous statement holds for Theorem l3.2t the exponent 
is optimal in this inequality (with Gaussian measure) over all LSH functions. In fact, it is 
optimal when restricted just to holomorphic functions on C", as is proved (in an analogous non- 
commutative setting) in lfT9l : here we present a slightly different proof. 

Proposition 3.4. Let r G (0, 1] and C > 0. Assume that for somep > 0, the following inequality holds for 
every LSH function f: 

||Mlp,7 < CII/lli,^. (3.5) 

Then p < and C > 1. 

Remark 3.5. If m is a probability measure then the norm ||/||p,m is a non-decreasing function of 
p. It follows that if Equation (|3.5|l holds for a p > 1 then it also holds for every g G [1, p)- 

Proof. Consider the set of functions /"(x) = e^^^, which are all LSH for a > 0. An easy compu- 
tation shows that ||(/'^)r||p,7 = exp(r^a^p/2); in particular, ||(/'^)||i,7 = exp(a^/2). The supposed 
inequality (|3.5|) then implies that exp(r^a^p/2) < Cexp(a^/2) for all a > 0. Set s = r'^p. Then 
exp(a^(s — l)/2) < C for every real a. Letting a ^ shows that C > 1; letting a ^ oo shows that 
s < 1. □ 

Remark 3.6. Hypercontractive inequalities very typically involve actual contractions (i.e. constant 
C = 1 in Proposition l3.4|l , since the time constant (i^v or t j in this case) are usually independent of 
dimension, yielding an infinite-dimensional version of the inequality. Indeed, in Nelson's original 
work II2TII . one main technique was to show that hypercontractivity held in all dimensions up to 
a fixed (dimension-independent) constant C > 1. The infinite-dimensional version then implies 
that C = 1 is the best inequality, for if the best constant is > 1 or < 1, a tensor argument shows 
that in infinite dimensions the constant is 00 or 0, respectively. 

In the following, we will proceed along the lines of Remark 13.61 and give a different proof of 
Theorem I3.2[ with a non-optimal constant, that avoids direct use of Nelson's result, but produces 
a dimension-dependent constant. First we need the following inequality. 



Lemma 3.7. Let f be an LSH function. Then for all x G R", 

exp(-||x||V2)/(x) < ll/lli,^. 
Remark 3.8. This inequality is sharp: take / = 1. 



Proof. From the proof of Proposition 13.11 with r = and m = 7, it follows that for every non- 
negative subharmonic function g, the inequality g{Q) < f g{x) d'y{x) holds. Now take an LSH 
function / and a, x G M". It is easy to check that the translated function y ^ f{x + y) is also LSH. 
Then the function fx given by 

fAy) = fix + y)e(-'y^ 

is a product of two LSH functions, and so is LSH by Proposition l2.2l In particular, it is non-negative 
and subharmonic. Applying the last inequality to fx, we get 



fix) = fxiO) < j f{x + y)e^'''y^dj{y). (3.6) 
Make the change of variables v = x + y. Then the right-hand-side of Equation |3.6l becomes 

J /(?;)e<'^'"-^>e-l''-^l'/2 (27r)-"/2 dv 

and is equal to 

The conclusion follows by taking a = —x. □ 



Proposition 3.9. (Hyperboundedness) For the constant C = e^^"^^ > 1, and for every r e [0,1], the 
following inequality is true for any LSH function f on M"; 

||Mli/.2,^<c-||/||i,^. 

Proof Denote = (Il/r||i/r2,7)^'^'^ = / f{rxy^^^d'y{x). By the change of variables y = rx, the 
integral Ir can be written as 



(2vr) 



-n/2 



dy, 



where 0(2/) = /(y) exp(— |yp/2). By Lemma |3.7[ a(v) < /i, which implies that a (y)^/^'^ ^ < ll^^ ^ 
Now write a{y)^/^^ = a{y)a{y)^^^^^^. Then 
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I a{y)a{yfl^-'~Hy < r"" (J a(y)(2vr)-«/2 dy) /^/'"'^^ = r~-ll/^'~'h = r^ll' 

Consequently, (/r)*"^ < (r~"^^)/i. This can be read as: ||/r||i/r2,7 < '^~™^ll/lli,7- The function 
r 1-^ (f )'^^ is maximized on (0, 1] by C = ea^ 1.445. This completes the proof. □ 

4. Hypercontractivity inequalities for probability measures 

In this section we study hypercontractivity properties of LSH functions with respect to any 
probability measure m. We have already seen in Proposition 13.11 that, for rotationally invariant 
measures m, the semigroup 5^ is always an contraction. 

Theorem 4.1. Fix q > 1 and r G (0, 1]. Suppose that and ^2 iwo probability measures on which 
verify the hypercontractivity inequality 

Wfrlkf. < (4.1) 

for any continuous LSH function f. It at least one of and 1^12 is compactly-supported, then the convolved 
measure fii * ^2 ^Iso satisfies (14.11 ). 

Proof. Let / be a continuous LSH function, and suppose /ii is compactly-supported. We have 

f{rzyd{fii*fi2)iz) = J j f {rx + ryY diii{x) dii2{y) 

< I f{x + ry)dfj.i{x)^ d^2(y) 

since the function x ^ f{x + ry) is continuous LSH for each fixed y G M", and m satisfies (|4.1|l . 
Let h{y) = J f{x + y) dp.i{x), so that we have proven that 

IIMI^,;.,.^, < j h{ryydfi2{y) = ll/ir-ll?,^,. (4.2) 

Since / is continuous, the function (x, y) 1-^ f{x + y) is continuous in both variables, and also 
LSH in each. Since supp /ii is compact and / is continuous, all the conditions of Corollary 12.41 
are satisfied, and so h is LSH. Thence, by the assumption of the theorem, the quantity on the 
right-hand-side of Equation l4.2l is bounded above by \\h\\\ . By definition. 



\Mhf^2= J Hy) dfj'2{y) = J J fix + y)dfii{x)dn2iy) = \\f\\i,,,i*f,2, 
and this proves that Inequality 14. 1 1 also holds for fii * fi2- D 

Most of the following results of this section concern the 1-dimensional case, i.e. log-convex 
functions on the real line. In that case, one has the following surprisingly general hypercontrac- 
tivity inequality. 



Proposition 4.2. For every symmetric probability measure m on M, and for any logarithmically convex 
function f on M, the following inequality is true for any r G (0, 1]: 

||/r||l/r,m, < ll/l|l,m- 

Remark 4.3. Translating this statement into additive language, the dilation semigroup Tt satisfies 
strong hypercontractivity with time to contraction at most 2 • tj, for any symmetric probability 
measure on M, for log-convex functions. As explained above, a simple scaling f ^ f ^ yields the 
comparable result from L'^ for q > p > 0. 

Proof. By the log-convexity of /, for any x G M 

f{rx) < f{0)'-'f{xY, 

which implies that /(rx)^/'' < /(0)^/'"~^/(x). Then by m-integration, 

I /(rx)i/'-dm(x)</(0)i/^-i||/||i,^. 

Since / is convex, /(O) < ^ [/(x) + f{—x)] for all x. Integrating and using the symmetry of m yields 
/(O) < ||/||i,m- Consequently, 

I f{rx)'/^dm{x)<\\f\\l%, 
and the Proposition follows. □ 

Remark 4.4. Proposition 14.21 remains true for rotationally invariant measures m and log-convex 
functions / on M". This proof fails, however, for general LSH functions on when n > 2. 

Remark 4.5. Subject to additional regularity on m, the symmetry condition in Proposition |4.2| can be 
replaced with the much weaker assumption that m is centred: i.e. m has a finite first moment, and 
f X m{dx) = 0. In short, fix a log-convex /, and suppose that m is regular enough that the function 
r/(r) = J f{rx)m{dx) is differentiable, so that ri'{r) = f f'{rx)xm{dx). (It is easy to see, from 
convexity of /, that fr G L^{m) for each r, provided / G L^{m).) Thenr/'(0) = /'(O) / xm{dx) = 0, 
and since / is convex, /' is increasing which means that xf'{rx) > xf'{x) for all x, r > 0, so 
r]'{r) > ri'{0) = 0. Thus, / f dm = > r/(0) = /(O), and the rest of the above proof follows. 
For this to work, it is necessary to assume (at minimum) that the functions -§pf{rx) = f'{rx)x 
are uniformly bounded in L^{m); a convenient way to achieve this is to assume that functions 
g G L^{m) for which x i— > xg'{x) is also in L^{m) are dense in L^{m). The kinds of measures for 
which such a Sobolev-space density is known is a main topic of our subsequent paper ||20ll . 

The problem in general is to find, for a fixed measure m, the maximal exponent q such that 
||/r||g,m < ll/l|i,m for every r G (0, 1] and any log-convex function / on M. For symmetric Bernoulli 
measures we will show that the optimal exponent q is the same as for Gaussian measures. 

Proposition 4.6. If m = \{5i + 8^i) then 

\\fr\\l/r^^ < (4.3) 

for every r G (0, 1] and any log-convex function f. 

Remark 4.7. It follows from Proposition l4.6[ and a simple rescaltng argument, that the same strong 
hypercontractivity inequality holds for any symmetric Bernoulli measure ^{Sa + S^a), a > 0. 

Proof. Step 1. We justify that it is sufficient to prove the proposition for the two-parameter family 
of functions h{x) = C exp(ax) with a G M and C > 0. Take / strictly positive. Then there exists h 
of the form C exp(ax) such that the functions / and h are equal on the set { — 1, +!}■ Assume now 
that / is log-convex. Then / < /i on [— 1, 1], and in particular /(r) < h{r) and f{—r) < h{—r). This 
implies that 

j f{rx)^^^ dm{x) < J h{rx)^^^ dm{x). 
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If the function h satisfies (I4.3D , we obtain 



/rllijjm ^ \\hr\\q,m ^ ||^||l,m — \\J \\l,rm 



the last equality following from the fact that / and h coincide on the support of m. This gives the 
inequality (I4.3D for /. 



Step 2: We show the inequality (|4.3|) for /(x) = e"^ (the constant C obviously factors out of the 
desired inequality). This is essentially an exercise. One has to prove that 



eyiY){ax/r)dm{x)^ < J exp{ax)d'm{a 



i.e. (cosh(^))^ < cosh a for a real and r £ (0,1]. Put s = 1/r. Then s > 1 and the required 

inequality becomes cosh(sa) < (cosha)''^. Taking logarithms and next dividing by s^a^, we are 
left to prove that 

log(cosh(sa)) ^ log(cosha) 



In other words, we must prove that the function log(cosh x)/x^ is decreasing for x > 0. Taking the 
derivative, it is sufficient to see that p{x) = xtanhx — 21og(coshx) is nonpositive for x > 0. Well, 
yo(0) = 0, and p'(x) = x/ cosh^ x - tanhx = ■ This last quotient is non-positive for its 

numerator is equal to x — (sinh 2x) /2. □ 

Remark 4.8. Proposition 14.31 could be obtained from an inequality of A. Bonami p2| similarly to 
the manner in which Theorem 13.21 was obtained from Nelson's hypercontractivity theorem for 
Gaussian measures. She proved that for symmetric Bernoulli measures the same classical hyper- 
contractivity inequalities as for the Gaussian measure hold. In order to prove Proposition |43] for 
a log-convex function /, one compares it to the affine function which takes the same value as / on 
{ — 1, 1}. For a function on {—1, 1}, there is a unique affine function on the line which extends it. 
Thus one can identify the space C{ — 1, 1} of functions on { — 1, 1} and the space of affine functions 
on the line. We omit the details. 

Corollary 4.9. The symmetric uniform probability measure Xa on [—a, a], a > 0, satisfies the strong 
hypercontractivity property ||/r||i/r2,Aa ^ \\f\\i^x^ for all USH functions. 

Proof. Let rux = \{6x + 6-x). It is easy to see that 

'■= ^T-i * ^1 * • • • * mj_ ^ Ai, A; — > oo, 

2 4 2fe 

where we denote by ^ the convergence in law. By the Proposition l4.6l (and the proceeding Remark 
14. 7|) and Theorem l4.1l the inequality (|4.3|l holds for the measures /i^. The supports of the measures 
fik and Ai are compact and included in the segment [—1,1]. If / is log-convex on M, it is continuous 
and the convergence f^^ f dfik f^ifdXi follows from the convergence in law fik =^ Ai. The 
statement for all a > now follows from a simple rescaling argument. □ 

5. Logarithmic Sobolev Inequalities for LSH functions on M 

In this section we will prove that a strong log-Sobolev inequality holds for log-subharmonic 
functions and Gaussian measures in 1 dimension. We will also show log-Sobolev Inequalities for 
other 1-dimensional measures from previous sections, for which we showed the strong hypercon- 
tractivity for LSH functions (symmetric Bernoulli measures, uniform symmetric measures or any 
symmetric probability measure on M.) Considerably more general log-Sobolev inequalities (in all 
dimensions) hold in the LSH category; this will be discussed in EOl . 

Recall that the classical Gaussian Logarithmic Sobolev Inequality, cf. HJUl, is 

£(/') = / |/plog|/pd7-||/lli,,log||/||i,,<2 I fLfdj (5.1) 
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where 7 is the standard Gaussian measure, L = — A+£^ is the generator of the Ornstein-Uhlenbeck 
semigroup and f ^ A, a standard algebra contained in the domain of the operator L. For the 
Ornstein-Uhlenbeck semigroup A can be chosen as the space of functions with slowly in- 
creasing derivatives. The expression £(/) is often called the entropy of /. 

The celebrated theorem of Gross lU establishes the equivalence between the hypercontractivity 
property of a semigroup Tt with invariant measure ^ and the log-Sobolev inequality relative to the 
generator L ofTf. More precisely, recalling the Nelson time tiv = ^ In the hypercontractivity 
inequalities ||T(/||g^^ < for t > ct]\f{p, q) for I < p < q < 00 are, together, equivalent to the 

single log-Sobolev Inequality 

£(/') = / |/plog|/pd^-||/|||^log||/|||^<2c I fLfdf,. (5.2) 

In the Gaussian case these inequalities indeed hold with c = 1. 

Now, let / be a positive subharmonic function of class C^. Then A/ > and Lf < Ef. From 
dSH) it follows that 

£(/') = / |/|'log|/pd7-||/ll|,log||/|||,<2 I fEfdr (5.3) 

If, moreover, / is LSH, we set g = and using the fact that Eg = 2fEf we can write the last 
inequality as 

£(5') = y"5'log5'(i7 - ||fir||i,^log||5||i,^ < J Egdj. (5.4) 
In this section we will prove that a stronger Log-Sobolev Inequality 



e.{g)<^lEgdj (5.5) 



holds for log-subharmonic functions g and Gaussian measure 7 in 1 dimension, as well as with 
7 replaced by a symmetric Bernoulli measure or symmetric uniform measure on M. Indeed, the 
constant factor 1 from the inequality (|5.4|) is optimal in general; here we prove that in the LSH 
category, the constant is instead ^ (as in l5.5|l . 

It may seem surprising that the integrals J fEf d-f from (|5.3|l and, equivalently, / Eg dj from 
05.41) are positive when / and g are LSH functions. The following proposition explains this phe- 
nomenon, which holds more generally for subharmonic functions. 

Proposition 5.1. Let mbe a probability measure on M" which is 0{n) invariant, and let and g e be a 
subhamronic function. Then 



Proof. We have 



I = J Eg{x)dm{x) > 0. 

/dm{x) I Eg{ax) da, 
Jo{n) 



where da denotes the Haar measure on 0(n). Denote by a the normalized Lebegue measure on 
the unit sphere S"""^. If r = \\x\\, we have 



f Eg{ax)da= f {Eg){ru) a{du) = r f -^{ru)a{du) 
Join) JS"^^ JS"-^ * 

d f 

— / g{ru)a{du) > 
or Jsn~i 



because the function r fs^-^ 5'(^^) o-{du) is increasing (cf. Corollary 12. 7|) . □ 
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5.1. Log-Sobolev Inequalities for measures with compact support. The following techniques 
work, in principle, quite generally. However, the usual approximation techniques to guarantee 
integrability (convolution approximations and cut-offs) are unavailable in the category of sub- 
harmonic functions. As such, we include this section which develops the relevant log-Sobolev 
inequalities in all dimensions, but only for compactly-supported measures (i.e. do the cut-off in 
the measure rather than the test functions). Extension of these results to a much larger class of 
measures is the topic of EoH . 

Theorem 5.2. Let fibea probability measure on with compact support. Suppose that for some c > 0, 
the following strong hypercontractivity property holds: for < p < q < oo and f G L^snil^)' 

||/e-*llg,M< ll/IU fori>C-iloga. 

Then for any log-subharmonic function / G the following logarithmic Sobolev inequality holds: 

I /'log/^d^- ||/|||^log||/|||^ < c I fEfdfi. (5.6) 

Remark 5.3. (1) The condition / G is natural to ensure a good sense of the expression Ef in 
(|5.6|) . In the classical case in HI one supposes / G ^1 C S°° and such an LSI inequality is 
equivalent to the hypercontractivity property (111, Theorem 2.8.2). 

(2) In the case of strong hypercontractivity with optimal q = p/r"^ (symmetric Bernoulli mea- 
sures and their convolutions, symmetric uniform measures on [—a, a]), the constant c is 
equal to 1. Also Gaussian measures on M" have the constant c = 1 but evidently they 
are not covered by the Theorem 15.21 When q = p/r (any symmetric measure on M), the 
constant c is equal to 2. The time tj = ^ log | appearing in Theorem l5.2l is Janson's time. 

(3) Theorem l5.2l is stated and proved here for compactly-supported measures, a class not in- 
cluding the most important Gaussian measures. In the next section we prove it does hold 
for Gaussian measure 1 dimension, see Theorems 15 . 71 and 15 .8|l . In fact the same strong log- 
Sobolev inequality holds for Gaussian measures (and beyond) in all dimensions; this will 
be covered in [20J. Let us reiterate that the following proof applies to a much wider class 
of measures, but the precise regularity conditions are complicated by the fact that cut-off 
approximations do not preserve the cone of log-subharmonic functions. 

Proof. Let p = 2 and t be the critical time t = c ■ ^log|. Then the variable r = e^* satisfies 
q{r) = 2r~'^^^. The method of proof is classical and consists of differentiating the function 

O^ir) = \\fr\\g(r),f. 

at r = 1. By strong hypercontractivity, a{r) < a(l), so a'(l) > if we prove the existence of this 
derivative. 

Define /?(r) = a(r)'?W = j f{rxy^^Un{x) andlet/3^(r) = /(rx)'?^'^), so that /3(r) = J P^{r)dn{x). 
Then 

— log (3;,{r) = q'{r) log f{rx) + -- — -x ■ Vf{rx). 
or jyfx) 

Since (^{r) = —^q{r), we compute 

0Ar) = --/r.(x)^Mlog/.(x)'^M + '^f,{xri^y\Ef)r{x). (5.7) 
rc r 

Let 0<e<l. As/G C^, the expression on the right-hand side of l|5.7|) is bounded for r G (1 — e, 1] 
and X G supp(/i) (which is compact). The Dominated Convergence Theorem then implies that 



(5.8) 



Finally, since a{r) = P{r)^/''^'^^ and /? > 0, we have that a is on (1 — e, 1] and a simple calculation 
shows that 



, a{r) 
a [r) — 



q{r)P{r) 



— /3(r)log/3(r) +/3'(r) 
rc 
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Now, taking r = 1, applying a'{l) > and the formulas ( I5.7D and (|5.8I > we obtain 

< log /?(!) + /?'(!) 

c 

= ^ll/lli,^log||/|||;.-^ I flogfdfi + 2 I fEfd^i, 
and this is the logarithmic Sobolev inequality (|5.6|) . □ 

For p > we define spaces L^(;u) = {/;/£ LP(^) and £;/ G i^(^f)} and LP{fj.) log LP{p) = 
{ / ; / f^ \ log < oo}. The former is a Sobolev space, the latter an Orlicz space, related to the 

logarithmic Sobolev inequality I5.6t indeed, in the case p = 2, they are the spaces for which the 
right- and left-hand sides (respectively) of that inequality are finite. 

Appealing to the surprising Proposition |42l and Theorem I5.2[ we have the following. 

Corollary 5.4. Let fi be a symmetric probability measure on E. Then for any log-subharmonic function 
f G L'^ifJ') log L'^ifJ.) n L\{ii) n the following logarithmic Sobolev inequality holds: 

I /2log/2d/.- ||/||2,(^)log||/||2,(^^ < 2 I fEfd^l. 

Remark 5.5. In the classical case it is sufficient to suppose only / G L\{p); this actually implies that 
/ G L^ifJ-) log L'^ifJ-)- The proof of this fact involves approximation by more regular (e.g. compactly 
supported or bounded) functions, and these tools are unavailable to us here. 

Proof. By Proposition 14.21 the measure /.i as well as the measures /utv = fJ-\[-N,N] + NY)6o 
verify the strong hypercontractivity property for LSH functions with q = p/r and c = 2. Let / 
verify the hypothesis of the corollary, and set = f + e; it is easy to check that /"^ also verifies all 
the conditions of the corollary. By Theorem |5.2l for each N 

I ir?-^og{f^?dfiN-\\fll^Jog\\f%^^ < 2 1 f^Ef^df^N. 

When N — > oo, ^ (weak convergence), and since G and is strictly positive, all the 
functions (/^)^, {f'Y log(/^)^/ and f^Ef^ are continuous; hence the integrals in the last formula 
converge to analogous integrals in terms of with respect to the measure fi. Finally, we can let 
e I to achieve the result, by the Monotone Convergence Theorem. □ 

EDITED UP TO HERE 

Corollary 5.6. Let fibe a symmetric probability measure on M. Then for any log-subharmonic function 
f G L^{fi) log L^{fi) n L\{^) n the following logarithmic Sobolev inequality holds: 

I /log/fi^-||/||i,^log||/||i,^< I Efdfi. 

Proof. The proof is similar to the proof of the Corollary 15.41 Note, nevertheless, that Corollary 
15.61 does not follow from Corollary 15.41 because the hypothesis Ef G L^{fi) is weaker than the 
condition Ef G L'^{^) supposed in Corollary 15.41 (all other integrability hypotheses are equivalent 
by the transformation f ^ f"^ which maps onto L^). □ 

5.2. Log-Sobolev Inequality for Gaussian measures on M. We formulate two versions of the 
Logarithmic Sobolev Ineaquality for log-subharmonic functions: in the classical context L'^{'-f) 
(Theorem l5.7|l and in the more natural and technically simpler case ^^(7). 

Both cases are nearly equivalent since / G ^^(7) and log-subharmonic is equivalent to G 
L^(7) and log-subharmonic. But the integration hypotheses of the theorems are slightly different, 
cf. the discussion in the proof of the Corollary 15.61 
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Theorem 5.7. Let 7 be the Gaussian measure with density -^^e ^^/^ on M. Then for any LSH and 
function f G L'^{j) log ^^(7) n L'^i'j) the folloiving logarithmic Sobolev inequality holds 

I /2log/2d7- ||/||2^1og||/||2^ < I fEfd^. (5.9) 

Theorem 5.8. Let ^ be as in Theorem \5.7\ Thenfor any LSH and function f e L-'^(7) log L^(7)n L]^(7) 
the following logarithmic Sobolev inequality holds 

I /log/rf7- ll/l|i,7log||/l|i,7 Efdj. (5.10) 

Note that the method of the proof of Corollary 15.41 cannot be applied because we do not know 
if the measures 77V have the strong hypercontractivity property with Gaussian constant c = 1; by 
the Theorem l4.2l they have it with c = 2 and we would obtain the weaker inequality (|5.3|) . Instead, 
we will use the Proposition IJH the Theorem [41] and some results about strengthened versions of 
the DeMoivre-Laplace Central Limit Theorem, proved in the following subsection. This approach 
mirrors, to some extent. Gross's proof of the Gaussian log-Sobolev inequality in [9 J. 

Remark 5.9. For the log-subharmonic functions f{x) = e"^,a > there is equality in (|5.9|) and 
(|5.10|) . Thus the constant c = 1 is optimal in (|5.9|) and the constant ^ is optimal in (|5.10|) . 

5.3. Strengthened DeMoivre-Laplace Central Limit Theorems. 

Theorem 5.10. Let Xn be independent, identically distributed Bernoulli random variables with P{Xk = 
0) = P{Xk = l) = \. Let 



Xi + . . . + Xn — f 



_v/n 
2 

and let Y be an N{0, 1) random variable. Then for every continuous function f integrable with respect to 
the normal N{0, 1) law 7 and such that \f{x)\ < e^'2~^>'^ for some < e < 1/2, we have 

limE/(S„) =E/(y). 

n 

Proof. Let = 2Xk — 1. We have Sn = ^k=i '^^^ ■ ^^'^ independent random variables Y\~ take the 
values 1 or —1 with probability 1/2 and the Hoeffding inequality (see e.g. |5l. Prop. 1.3.5) implies 
that 

P{Sn >u)< e^"'/2_ (511) 
Let < e < ^ and F^{x) = exp{(i - e)^^}. It follows from (|5TT]) that 

EF,(5J ^ EF,(y). (5.12) 
Indeed, since P{F^{Sn) > 2;) = 1 for x < 1, 

^F,{Sn) = J P{F,{Sn) > X)dx = 1 + y P{F,{Sn) > x)dx. 

In the last integral, change the variables F^{t) = x. We obtain 

POO rOO rOO 

/ P{F,{Sn) > x)dx = / F'^{f)P{Sn > t)dt = (1 - 2e) / tF,{t)P{Sn > t)dt. 
Ji Jo -Jo 

By the Central Limit Theorem we have lim„_^oo -P(5'„ > t) = P{Y > t). Using {5.11} and the 

Dominated Convergence Theorem we see that 

/oo noo 
P{F,{Sn) > x)dx J P{F^{Y) > x)dx 

and we conclude that (|5.12| > is true. 

Now, let / be continuous and < f < F^ for a fixed e. Take > 0. Decompose E{F^{Sn)) = 
E{Fe{Sn)l{\s„\<N}) + ^iF^{Sn)l{\Sn\>N})- The Central Limit Theorem implies that 

E{F,{Sn)l{lS„.l<N}) - E(Fe(y)l||y|<;v}). 
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Thus ( I5.12D and the integrability of with respect to the Gaussian law of Y imply that 

V5 > 3Af > Vn E(Fe(5„,)l{|5„|>jv}) < 

As < / < Fe, we have 

V5>03iV>0Vn E(/(5„)l{|5„|>7v}) < 5. 

By the Central Limit Theorem, for every > we have E(/(5'„,)l||5^^|<7v}) "^{f 0^)'^{\y\<n}) 
and it follows that E(/(5,,)) ^E(/(y)). "~ ~ □ 

In the sequel we denote by Hn the law of 5„. Denote ^'(x) = P{Y > x) the tail function of the 
Gaussian distribution 7 and '^n{x) = P{Sn > x) the tails of the random variables Sn- 

Proposition 5.11. If g G L^{j) is in C^([0, 00)) and g is strictly increasing on [xq, 00) for an xo> 

then 

rco POO 

/ gd-i = g{xQ)^{xo)+ g'^dx. (5.13) 

JxQ J XO 

In particular, g'^ G L^{xo, 00). Equation \5.13\ is also true with measures fin in the place of the Gaussian 
law 7; 

/•OO /-OO 

/ gdiin = g{xo)'i>n{xo)+ / g'^ifndx, n£N. (5.14) 

Jxo J XQ 

Proof. In order to prove (|5.13|) , we define as a bounded and positive random variable with law 

l\[xo,oo)h{[x(i, 00)). By Fubini's theorem we write 

— gdj =Eg{Y-°)= P{g{Y^^) > x) dx 

7([xo,oo)) y^-Q Jo 

Jo Ja{xo), 



PigiY""") > x)dx 



roc 

= g{xo)+ / P(5(y"°) >x)dx. 

Jg{xo) 

The function g is a bijection of [xo,oo) onto [g{xQ),G), where G = liuix^oo g{x). In the last 
integral we change the variables u = g^^{x) and we obtain 

roo rG roo 

/ PigiY^^o) > x)dx = I PigiY'-"'') > x)dx = I P(y^o > u)g' {u)du 

Jg{xo) Jg{xo) Jxo 

and (I5.13I) follows. The proof for the symmetric binomial measures /i„ is analogous. □ 

Theorem 5.12. If g e L^{'^) is in C^([0, 00)) and g is strictly increasing on [xq, 00) for an xq > 0, then 
the DeMoivre-Laplace CLT holds for g and the subsequence N = An^: 

noo 

gdfiN / gdj, N = An -^00. 



Proof. By the Central Limit Theorem J^^" gdp,j\f — > Jq° gd'y and '^nix) — > ^(x), n ^ 00. In order 
to establish the convergence of integrals on [xq, 00), we begin with the formula (|5.14|) . The con- 
vergence of the term g''^^ dx to g''^ dx follows by the Dominated Convergence Theorem 
using Proposition 15. 131 and the integrability of ^''I' with respect to Lebesgue measure on [xq, cxd). 
An application of (|5.13|l ends the proof. □ 

Proposition 5.13. Let xq > 0. There exists C > such that for all x > xq and N = 4n^ 

^^(x) = P{Sn >x)< CP{Y >x) = C^(x). 

Remark 5.14. Proposition 15. 131 strengthens the Hoeffding inequality 05.111 1. For our application, it 
is sufficient for us to prove it for a subsequence of n (here 4n^), but we conjecture that it is true for 
all n. 
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Proof. Let us denote b{k, n,p) = (^)p'^(l — p)" and put B{k, n,p) = X^^^q ^(^^ ^ stan- 
dard exercise (cf. [6] Ex.VI.45(10.9)) to show that 



1-Bik,n,p)=n(^ ^^'^ I'tH-^-i) 



"-^=-1 dt. 



We will show that if p = ^ and k = + ^^^J then there exists a constant C such that for x > xq 

there holds 1- B {k, n, ^) < C^{x). By the well-known estimate ^{x) ~ |e~^^/^ (see e.g. IHVII, 
Lemma 2), it is enough to show that for x > xq 

( 1\ C _^ 

In order to simplify the left-hand side of the last inequality we write 

l-i?(A;,n,i) _ n("-i)/;/^'^(l-ir-'=-idt , M 



so that it is enough to show that 

b(^k,n,^^ {n-k)^^ j\^{l-t)''-^-^dt< ^e-"^. (5.15) 

In order to further simplify the computations, from now on we take a subsequence N = An? 
instead of n, which gives k = 2n? + \xn\ . For such k, Inequality I5.15l reads as 

( V2n2-[xnJ) /"'t2n2 + L.nJ(i_^)2n2-L.„J-l^^<^:^^ 

\2n^ + \xn\)^ Jq ~ x ^ ' 

First we estimate the integral. For < t < | there holds — t))^" < (|)^" . In order to 

i / \ [xn] 

estimate the integral /q^ ( j dt we use the Laplace method for estimating integrals of type 



exp {XS{x)) dx, when A ^ 00, see e.g. [22]. We have to estimate 



, \ [xn] pi. 

* ^ dt= "e^^-i'^T^dt 



1 - t 

t 



hence we take A = [xn] and S{t) = In If S{x) is C°°, max^^^afi] S{x) is attained only at b and 
S'{b) / — all these conditions are fulfilled in our case — then, by Laplace method, for A ^ 00, 
there holds exp(AS'(x)) dx 

^ \S' (b) ' ^hich in our case gives for some constant Ci and x > xq 



. 1 ' ^ [xn] 



dt < 



t J xn 
Finally, since (1 — t)~^<2on this interval, we get 



Jo - xn \A, 



Substituting this estimate into ( I5.15D , we see that it is enough to prove the following inequality: 
there exists a constant C2 such that for all n G N and all x G [xq , 2n] there holds 

2n'^-\xn\ ( 4n2 \ /iX^"' ^ _^ 
' < 2 . 



n \2n^ -|- [xnjy 

If X G [xo, 2n], then m = [xnj G L^o'^J, 2?7,^ , hence it is enough to show that for all m 
1,2, ...,2n2 there holds 

.2n2 + mjl4j ^ 



n 
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But, if m = \_xn\, then xn — \ < m < xn, hence x — ^ < ^ < x and x < -^^^^j which implies 



_{m + l)^ ^2 



e < e 2 . Taking this into account, we see that it is enough to prove that for all n and 

m = 1,2, ...,2n2 



9 2^ , , /( ' <C2e-^^. (5.17) 



We estimate from the above the left-hand side of (j5.17|) , using the Stirling formula 
where On G (0, 1) and G N. We obtain 



n yln^ + mj n {2n'^ + rn)\{2'n? — rn)\ \4 

< 



2e / 272^ — m\ 2 / 4n^ \ ^" / 271^ — m 



\/2t: \2n^ + m J \An'^ — m? J \2'n? + m 
We see that (|5.17|) will follow from an estimate 

4n4 V""' (2n'-my^'^ 



for some C3 and m = 1, 2, 2v? , n G N. We write 



4n4 /2n2-m\™+^ A m^A"'" /I 



4n4 - m2 ; V 2n2 + ?n ; V J V 1 + # 



exp ( -2n2 In ( 1 - ^ ) + (m + 1/2) In ^ 



2 \ 2 ^ 



SO that we have to prove that for all n and m = 1,2,..., 2v? and some constant C4 = In C3 

Observe that if m = 2n?', then the left-hand side of {5.17) is zero and then \5.\7) is obviously 
true. For m = 1, 2, 2n^ — 1 the quantity t = is positive and strictly less then one, so that 
we can use the Taylor series expansions for |t| < 1 and the functions ln(l — t^), ln(l + t), and 
ln(l — t). After some tedious but elementary computations one finds that the left-hand side £ of 
has the form i = — '^2n^ + ^('^i where R{n, m) = ^ aj{n)m^ is negative, because all 
the coefficients aj{n) are negative. Now, the inequality ^ < C4 — ^^""21^1 obviously follows because 

m?+m I (m+l)2 _ m+1 ^ i i— i 
2 - ^715- S i- U 

5.4. Proofs of Gaussian Log-Sobolev Inequalities. We are now ready to prove the Theorems 15. 71 
and 15.81 We present, with details, the proof in the more natural case. 

Proof of Theorem lOl By Theorem l5.2l we know that for all n and / G 

j /l0g/(i^n-||/||l,^„l0g||/||l,^„ <\j Efdfin, (5.19) 

where ^„ is the convolved Bernoulli measure considered in the previous section. We want to show 
that the Central Limit Theorem with n = {2k)'^ applies to all the three terms of the formula (|5.19|l . 

It is sufficient to show that the integrals hdfin restricted to [0, 00) converge to hdj for 
h = /log/, / and Ef. Indeed, using the notation f{x) = f{—x), if / and log / are convex, 
so are / and log /, so / being log-subharmonic is equivalent to / being log-subharmonic. The 
property Ef{x) = —xf'{—x) shows that on the right-hand side of (|5.19|) and i5.W) we have 
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Ef{x)dfi{x) = /,°^ Ef{x)dfi{x). 

First term. The function log / is and convex, so it is monotone in a segment [xo, oo). 

• If lim^^^oo log f{x) = c is finite, then log / is bounded on [xq, oo) and therefore / is bounded. 
Thus / log / is bounded on [xq, od) and on [0, oo). The convergence / / log / ^ J f log / dj 
then follows from the CLT. 

• If lim2:_»oo log /(x) = — oo, then lima;_»oo / = and lim^^^^oo / log / = 0. As in the preceding 
case, the convergence J f log / dju^n f f log / dj follows from the CLT. 

• In the case lim^^-^oo log /(x) = +oo, the function log / is increasing on [xq, oo), thus / is also 
increasing on [xq, oo). We can suppose that log / > on [xq, oo) (otherwise we choose xq 
bigger). Consequently / log / is increasing on [xq, oo). If / is not constant, the functions / 
and / log / are strictly increasing. We can then apply Proposition l5.12[ 

Second term. As a positive convex function, / is bounded on R"*" or strictly increasing on an 
interval [xo,oo). The convergence f f dfin I f d'y follows respectively from the CLT or from 
Froposition |5.12[ 

Third term. The function /' is increasing. Therefore, if / achieves any positive values then /' > 
on a certain interval [xq, oo). As the function x is strictly increasing, so is the function xf on 
[xo, oo) and we apply Proposition 15.121 If, on the other hand, /' < on [0, oo), then there exists 
a constant C such that \ f'\ < C on M+. Consequently \Ef{x)\ < Cx on and the convergence 
Ef dfin /o°° Ef d'j follows from the Theorem lS.lOl □ 

Proof of Theorem ISTZl The proof is the same as the proof of Theorem I5.8[ with instead of /. In 
particular, for the convergence of the third integral f fEfdfin, we have fEf = ^E{f'^) and the 
reasoning from the proof of Theorem l5.8l applies. □ 

Remark 5.15. The preceding techniques clearly only apply in the one-dimensional setting. With the 
techniques in this paper, we cannot address the question of whether the stronger (constant 1/2) 
Logarithmic Sobolev inequality of Theorems 15.81 and 15.71 hold for Gaussian measures in higher 
dimensions. In principle, they should follow from the strong hypercontractivity inequalities of 
Theorem |3.2| via an approach like that in the proof of Theorem |5.2| As we have mentioned, there 
are challenging regularization issues (due to the nature of logarithmically subharmonic functions) 
which complicate these techniques. Along the same lines, any measure for which the Logarithmic 
Sobolev Inequality holds for LSH functions should also satisfy strong hypercontractive estimates 
(this was proved in the restricted context of holomorphic functions in lHOll ). These issues will be 
dealt with in a future publication. 
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